Introduction
Piecewise linear systems are mathematically characterized by a set of piecewise linear ordinary differential equations, together with the switching conditions of changes in displacement and/or velocity. The dynamics of piecewise linear systems has been the subject of many studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] . However, piecewise linear models may not always be well representative of some physical systems. This shortcoming can be avoided by the introduction of additional non-linearities, thereby resulting in piecewise nonlinear systems with a piecewise nonlinear-linear characteristic [16, 17] .
The piecewise nonlinear oscillator with a piecewise nonlinear-linear characteristic A simple but powerful procedure, which has been developed to construct analytical approximations to the primary resonance response of a piecewise nonlinear oscillator [17] , is to seek the individual general solutions to equations (1a) and (1b) corresponding to different regions
, a n d s y ≥ , and then to combine these solutions at the transition points of non-smooth nonlinearity by implementing an appropriate set of matching conditions. This procedure of constructing the approximate solution, which is different from the method of harmonic balance and the averaging procedure, will be referred to here as the matching method for brevity.
The main goal of the work to be presented below is to construct an approximate analytical solution for the super-harmonic resonance response of a piecewise nonlinear oscillator using the matching method and a modified averaging method, respectively. The super-harmonic resonance response is interesting because it appears across the working frequency domain. In addition, the procedure of locating an approximate solution for the super-harmonic resonance response can be easily extended to construct an approximate solution for the sub-harmonic resonance response.
To proceed, rewrite equation (1) has been introduced to study the super-harmonic resonance response [18, 19] .
Approximate solutions obtained using the matching method
For a symmetric periodic response of large amplitude motion, as shown in Figure   1 , For the first segment of the motion, the first order approximate solution to represent the exact solution of equation (2a) is assumed to have the form
where
A , 1 B and 0 t are constants to be determined,
, and the seventeen coefficients in equation (5), which can be expressed as functions of 1 A , 1 B , 0 t , and system parameters, are not given here for brevity.
For the second segment of the motion, an exact solution to equation (2b) can be expressed in the form:
where 2 A , 2 B and 1 t are constants to be determined,
The four constants 1 A , 1 B , 2 A , 2 B , and two crossing times 0 t and 1 t in equations (4) and (6) can be numerically determined by implementing the following set of matching conditions:
The corresponding trajectories ) (t x and ) (t y can be calculated from equations (3) and (6) The stability of the periodic solution can be examined by investigating the asymptotic behaviour of the small perturbations to the steady-state periodic solution over one half of the symmetric response. The dynamic mapping of small perturbations of the symmetric solution over a half period of motion can be written as
where J is a 2 2 × matrix. The symmetric periodic motion is asymptotically stable if both eigenvalues 1 λ and 2 λ of matrix J have a modulus less than unity. When either of the two eigenvalues has a modulus greater than one, the solution is unstable.
Approximate solutions obtained using a modified averaging method
The approximate solution for the steady state super-harmonic resonance response of equation (2) is assumed to take the form:
where ) (t a and ) (t θ are assumed to be slowly varying functions of time.
Inserting equation (9) into equation (2) and then solving the resultant equations leads to the following standard form of the equations governing ) (t a and ) (t θ :
is a nonlinear function of ) (t a and ) (t θ , which is obtained from the terms containing ε on the right hand side of equation (2) by inserting solution (9) .
According to the method of averaging [20, 21] 
with 
Comparison of the approximate and numerical integration solutions
Based on the analytical procedure given in Sections 2 and 3, the first-order approximate solutions for the super-harmonic resonance response can be easily obtained for a given set of system parameters using the matching method and the method of averaging. It was found that the approximate analytical solutions and the results of numerical integration of equation (1) An illustrative example system is studied herein as defined by the system
. 
Conclusion
An approximate periodic solution for the super-harmonic resonance response of a piecewise nonlinear oscillator has been analytically constructed using both the matching method and the averaging method, as no exact solution exists in closedform. It was found that both of the first-order approximate solutions were an excellent representation of the exact solutions. The approximate solutions obtained using the matching method give more accurate results than those obtained using the averaging procedure, but involve more terms in the expressions of the first-order approximate solutions. Both the matching method and the averaging procedure can also be used to seek approximate solutions for the sub-harmonic resonance response, and could even be used to find approximate analytical solutions for the secondary resonance response of a piecewise nonlinear oscillator that is governed by a set of two nonlinear differential equations. Figure 1. 
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